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ON THE PRODUCTION OF VIBRATIONS ON STRINGS, 61 

VI. An Experimental Method for the Production of Vibra- 
tions on Strings illustrating the Properties of Loaded or 
Unloaded Telephone Cables. By J. A. FLEMING, M.A..  
D.Sc., F.R.S. 

RECEIVED NOVEMBER Z ~ T H ,  1913. 

THE problem of determining the possible vibrations of a loaded 
string-that is, a flexible string having small masses attached 
to i t  at equal distances-is one t o  which many mathematicians 
have given attention. It suffices to mention the well-known 
discussion of the problem by Lagrange,” t,he full treatment of 
it by Lord Rayleigh,? and an interesting Paper by Mr. C. 
Godfrey: published in 1898. 

Of late years the matter has acquired an electrical interest 
from the close analogy existing between the transmission of 
mechanical vibrations along a loaded string and the propa- 
gation of alternating electric currents along a telephone cable 
having inductance coils inserted in it a t  equidistant intervals. 
In seeking for experimental methods of illustrating the pro- 
perties of such loaded cables it was natural to  turn for assistance 
to the visible oscillations produced on strings loaded or un- 
loaded. 

Almost the only method hitherto used for creating sustained 
vibrations on strings has been the elegant device of E’. E. Melde, 
in which a string attached to the prong of a tuning fork is set 
into stationary sympathetic vibrations when the length and 
tension of the string is adjusted so that the vibrations travel 
along i t  in a time which has some integer ratio to  the periodic 
time of the fork. 

The objections t o  this method are (1) that we cannot put 
more than a certain tension on the string without stopping the 
fork even if the latter is electrically driven, (2) that  when long 
loaded strings are employed we need very large forks to pro- 
vide a sufficiently low frequency in the impulses, (3) that we 

* ‘‘ MICcaniyue Analytique,” Vol. I,, part 2, SOC. VI., 8111. 
t ‘‘ Theory of Sound,” Vol. I., Chap. VI., 2nd edition. 
3 ‘‘ On Discontinuities Connected with the Propagation of Wave Motion 

along a Pcriodicslly Loodcd String,” ‘. Phil. Mag.,” April, 1898, p. 356. 
VOL. XXI‘T, li‘ 
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cannot alter the frequency of vibration except by changing 
the fork, (4) that  the vibrations of the string take place only 
in one plane and are not very visible unless viewed from a 
certain standpoint. 

In  thinking over these difficulties it occurred to me that the 
fork could with great advantage be replaced by a small con- 
tinuous-current electric motor, the speed of which can be easily 
controlled end measured and made low or high enough to study 
the vibrations on a string of any length, loaded or not loaded, 
and with any reasonable applied tension. 

The best arrangements were found to be as follows :- 
On the shaft of a small continuous-current motor, say, .+ H.P. 

or -$ H.P., is attached a pulley os disc which has a crank pin (K) 
inserted on its outer face a t  a distance of about 0-5 in. from 

F I G .  1. 

the centre (see Fig. 1). To this pin is attached a light crank 
shaft (C) which is connected at  the other end to a rocking lever 
(L). A small hook (H) is attached to the crank shaft, quite 
close to the crank pin, and another a t  the far end, close to the 
junction with the top end of the rocking lever. 

On the other end of the motor shaft is an endless screw gear- 
ing with a toothed wheel, the latter carrying a pin on its face 
which strikes once in every revolution against a small piece of 
steel clock-spring. This mechanism serves to count the 
speed of the motor, as we can take the time of 20 or 1,000 
revolutions of the wheel by a stopwatch and, knowing the gear 
ratio, obtain the speed of t'he motor. The hook on t,he crank 
shaft near the crank pin describes, therefore, a circular path 
in space without rotation and the hook at  the far end of the 
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crank, shaft moves to and fro with an approximately simple 
harmonic motion. 

If, then, we fasten a long stretched flexible cord to either hook 
we have the means of impressing upon the end of the cord 
simple harmonic motions either (I) in the direction of its length, 
or (2) transverse to its length, or (3) a circular motion equiva- 
lent to the combination of two simple harmonic motions 
differing 90 deg. in phase, each taking place in a direction at 
right angles to the direction of the stretched cord. 

The remote end of the cord is attached to a pin which is 
screwed into a nut travelling on a long screw similar to the 
slide rest of a lathe (see Fig. 2). We can by this means put 
any desired tension on the cord, and also measure the tension 
by a spring balance inserted between the end of the cord and 
the terminal pin. If, then, we attach one end of the cord to the 
hook nearest the crank pin of the motor with the string stretched 
parallel to the axis of the motor and apply a certain tension 
at  the other end of the string, and set the motor in rotation, 
we shall have vibrations propagated along the cord such that 
each part of the cord describes a circular motion. By pro- 
perly adjusting the tension and the speed of the motor sta- 
tionary oscillations may be set up on the cord which are the 
resultant of two simple transverse harmonic motions a t  right 
angles and differing 90deg. in phase. The cord, therefore, 
when vibrating appears spindle shaped in virtue of the per- 
sistence of vision, and if the tension is adjusted we can make the 
cord vibrate in a single loop or in 1, 2, 3, &c., loops up to a 
dozen or more segments corresponding t o  the various harmonics 
of the fundamental mode of vibration of the cord (see Big. 2). 

By the slide-rest arrangement the tension can be accurately 
adjusted so as to produce any required number of sections and 
keep them steady. By sending the beam from an arc lamp 
lantern along the cord these stationary vibrations can be ren- 
dered visible to large audiences. We can easily measure the 
half wave-length or distance from node to node by a beam 
compass and having also the means of measuring the speed of 
the motor we can calculate the velocity with which a wave 
motion of any wave-length producible travels along the 
cord. 

Arrangements can also easily be made to apply a tension to 
the cord by means of a weight attached t o  the end in the usual 
manner by passing the end of the cord over a fixed pulley. 

The cord can be loaded by fixing 011 it  at equal intervab 
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glass beads or cork or wooden balls, and the possible modes of 
vibration on this loaded cord studied. By loading half of t,lie 
cord or a middle portion, we can examine the reflection effects 
taking place when a vibration passes from one medium to 
another of different mean density. The following is the 
simple analytical treatment of the problem. 

Let us assume that the mass of each load on the cord is rn, 
in which we must include the mass of the length of cord 
intervening between two loads. Let d be the distance 
between the masses. Suppose also that in any shape into which 
the cord is thrown in its vibrations the angle made by any 
section of the cord with the straight line joining the extremities 
of the cord is so small that we may take the sine of this angle 
as equal to its tangent. Also let T be the tension of the cord, 
and let y. be the transverse displacement of the nth mass. 
Then, following a method used by Prof. Tait,* we have for thc 
equation of motion of that mass 

which expresses the fact that the difference of the components 
of the tensions taken perpendicular to the undisturbed cord on 
either side of any mass is the moving force on it. If we put 
ym=Y cos (p t -qx ) ,  where p=2n/z and q=2n/A, z and 1 being 
the periodic time and wave-length of the motion respectively, 
then on substitution in (1) we have 

T 
-a -mp2 cos ( p t - - p ) - -  [cos (pt-g(z+d))--a cos ( p t - p )  

+cos (p t  - q(x - d) ) )  

or 

Writkg n for p J%T ailcl V for n1 we haw 

The above is a correct analysis if the vibrations are in one 
plane, but as regards the case under consideration, viz., when 
each portion of the string is moving in a circle having its plane 

* flee article “Wave,” “ Enoyclopzdia Britannic&,” 9th edition. 
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2 

4 
5 

perpendicular to the line of the undisturbed cord, we must 
arrive at the equation of motion in another way. 

Since each load then describes a circle of constant radius y, 
the centrifugal force on a mass m moving with angular velocity p 
is wp2y ; and if we coiisider the load a t  y it is mp’y cos ( p t  
-p). This force, however, is balanced by the sum or differeiicc 
of the resolved parts of the tensions on either side of it, talrcn 
perpendicular to the axis of revolution. Hence we have 

0.637 

0.900 
0,935 

1 0.980 
0.984 1 

aid by substitution for ym of Y cos (pt-gs) gives us the SILII~C 
equation (2) and hence (4) follows, as above. 

If d /A  is very small, that is, if the loads are very close together, 
then m/d=p is the average density per unit of length, and the 
formula reduces to Vo=2/TT, which is the known expression 
for the velocity of propagation of a wave along a cord of mass 
per unit length p and longitudinal tension T. Hence, if we 
call this latter the wave velocity corresponding to the uni- 
formly distributed or smoothed out masses we have finally 

Also ( 5 )  can be written 

(6) 

From which it) is seen that no frequency greater than b/r/2/n2md 
can be propagated along the loaded cord. This corresponds 
to about three loads per wave, or when d = A/2. 

The values of (sin n d / l ) / ( n d / l )  in terms of l / d  or the number 
of loads per wave are given in the Table I. below :- 

TABLE I. 

It is obvious that this ratio runs rapidly up towards unity 
and that even when I / d  is as small as 10 the discontinuous 
loading is equivalent in practical effect to continuous loading, 
as if the added mass was uniformly distributed dong the string. 
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waves , 
or loops. , Grammes, Dynes. 

oscillations' in cms. ___ -- 

IL..--.-_----?.- 
per sec. = N I  = A .  NX. dT/dp. 

1 1,000 
2 335 
3 150 
4 87 
5 50 

- _. -. 

981,000 ~ 27.9 I 390 10,900 10,850 ~ 

329,000 31.8 , 200 6,360 (1,280 

49,100 30.7 I 79 2,320 2,420 

147,000 32.9 ~ 130 4,280 4,200 
85,400 32.9 98 3,220 3,220 
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' 2  110 108,000 8 7  404 3,520 
4 110 ~ 108,000 17 8 201 3,580 

110 108,000 269  134 3,600 I :  110 108,000 36 i 98 3,600 

the motor to produce different wave-Iengths, and the results 
are embodied in Table 111. :- 

TABLE 111.-Transverse I*ibrrrtiotis of a i ~  Unloaded String. 
p=weight per c m . -  0.00839 gramme. Length=2 metres. 

3,580 1 
3,580 
3,580 1 
3,580 I 

1 Number 

1 or loops. 

of half 
waves 

, 

1 3  
' 4  

_- 

Tension of string 1 Frequency I Wave- Velocity of I of ~ length , 
oscillations in cms. ~ _ _ _ _ _ _  

I Grammes., Dynes. l p r  Sec.=N =A- 
_ _ _ _ ~  

3,580 :$:: I 3,580 

3,540 3,580 
j 3,500 3,580 

Length of cord 4 metres. 

- 

Number Tension of string Frcqnenc: 
of half - T .  1 of 
waves ,---- , oscillation 

or loops. ;Grammes Dync.7. ~pcr sec.= I 

3 j 810 595,000 , 25.0 
4 

t i  ~ 265 
7 
8 1 180 31.2 

, ~- __- 

. . - -. . - . .. ~.. - 

Wavc - 
length 

in cms. 
- A .  

2ti6 
200 
158 
130 
110 

97 

__  
____ 

Velocity of 
propagation. 

NX. 
~ 

6,650 
5,360 
4,420 
3,790 
3.210 
3,020 

6,510 
5,360 
4,460 
3,720 
3,280 
3,060 
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Number Tension of string 1 Frequency 
of half = T. of 
waves oscillations 

Or loopS. Grammes. Dynes. lper sec.=N 

i Wave- 1 Velocity of 
length propagation. 
in cms. - - 

=A.  NX. dqd; .  
2 
3 
4 
5 
6 
r 

I - ~ _ _ _ _ - - ~  
210 206,000 1 8.1 1 400 3,240 3,310 
210 206,000 ~ 12.8 266 3,400 1 3,310 
210 206,000 166 200 3,320 1 3,310 
210 206,000 19.9 160 3,200 1 3,310 
210 I 206,000 24.6 132 3,240 3,310 
210 206,000 I 28.6 I 110 3,160 3,310 i 



I .-S,r \ \ I II S I  ; \\'.\ \ I.:S 11s ('1 I.( I.\ I1  I.: I) STHI \I : . 

I I,-- s T \ Y l l l s ( :  \V . \ \ I<S I I Y  STltlsl; 11.\1.1. Ll l . \ l lK l ) ,  JI.\I.I; l~\l.ll.\l~l.:ll. 

I I I .  l~ l : l : l . lx '~ l l l \  O I ~  IV.i\K I%\ l,li,\l~ .\'I' (~ l . : \T l t l :  Ill_ s~Tl:I\l:. 

l\..- S T . ~ \ l ~ l S I l  \V.\\KS I ) \  S,r I t IYt :  l l.\lJ~ sl\~:l.i:, II \l,l' 1 ~ 1 1 1  1:1'l11.11. 

v,-S.p.\y ill\(; \ v , \ v ~ s  0 s  ~ , I I . \ [ B I . : I I  STKI\(;, \ ~ . \ V l ~ - l ~ E Y ~ : T l l  ( ' I ) \ I . N *  i1IOVT 
I .  L i i n ~ . ~  I,ii,\r)s. 

FIQ. 2. 

To fnce 71. 68. 
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string had mean densities of 0.00839 and 0.0188 gramme per 
centimetre respectively. The ratio of the square roots of these 
last numbers is as 29 is to 43.3 and 29x  100=2,900 whilst 
43.3 x 66=2,858. Hence the wave-lengths are nearly inversely 
as the square roots of the mean cord densities. The amplitude 
of the waves on the unloaded half of the cord was, however, 
much greater than that of the waves on the loaded cord, thus 
showing the loss of amplitude on reflection. The same thing 
can be better shown by employing a cord one half of which is 
single and the other half made of four similar cords in parallel 
and tied together a t  intervals. Mihen this is vibrating we have 
waves on the four-fold part which are half the wave length of 
those on the single part (see IV., Fig. 2). 

Again, if the tension was decreased slightly so as to lower 
the velocity and decrease the length of the waves a point was 
soon reached at which whilst standing waves were produced 
on the unloaded half of the cord, no waves were produced on 
the loaded half. This happened when the length of the waves 
on the unloaded half was about 60 cm. and therefore those on 
the unloaded half should have been about 40 cm., or equal in 
length to twice the distance between the loads ; so that one 
wave would cover three loads or a little more. 

This experiment proves clearly that there is an inferior limit 
t o  the possible wave-length and a superior limit to the possible 
frequency of the vibrations which can be produced on the 
loaded string exactly as predicted by theory. The same 
reflection of the waves and loss of amplitude on passing a 
junction between two uniform cords of different mass per unit 
of length can be shown by joining two cords of equal length, 
one a plain cotton cord and the other a piece of whipcord or 
heavy gilt thread, and attaching one end of the length t o  the 
crank of the motor and applying a tension to  the other end. 
By adjusting this tension it is easy to show the loss in ampli- 
tude of the wave in passing such a junction, or even the total 
reflection of the wave (see III., Fig. 2). This phenomenon has its 
electrical analogue in the loss in amplitude or reflection of the 
electrical waves a t  the junction between two conductors, say, 
an unloaded land line and a submarine cable, or loaded line, 
the two having different capacities and inductances per mile 
when telephonic currents are transmitted through such a 
circuit. 

Again, we can show by this vibration apparatus the advan; 
tage of tapering off the loading in the case of a junction between 

VOL. XXVI. G 
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a loaded and an unloaded line owing to the diminution of the 
reflection losses. When a wave passes from one medium t o  
another of different refractive index, and if this index changes 
somewhat suddenly at the junction plane we know that wave 
reflection takes place. If, however, the index changes gradu- 
ally the reflection losses are much reduced or else annulled. 
Hence, if a loaded telephone cable is connected to an unloaded 
cable partial reflection of the wave takes place at  the junction. 
If, however, the loading is tapered off, these reflection losses 
are much reduced. This can be visibly illustrated by the 
vibrating string apparatus very easily. If we load one-half 
of a string with glass beads but taper off the loading by using 
towards the middle point beads or knots of gradually de- 
creasing mass, and then attach one end of the unloaded half 
to the motor crank and apply a tension to the other end of 
the whole cord we shall see that the reflection losses a t  the 
junction are much reduced. 

The partial reflection and consequent loss of amplitude in 
the transmitted wave can even be shown by placing a single 
bead or load of appropriate mass in the centre of an otherwise 
unloaded string. If one end of the string is vibrated and a 
suitable tension applied we can produce stationary waves of 
large amplitude on that part of the string between the motor 
and the load, but the amplitude of the vibrations produced on 
the far side of the load is much less, thus showing the partial 
loss of amplitude in the transmitted vibration owing to the 
reflection losses. 

In conclusion, a short method may be given for arriving at  
an expression for the velocity of propagation of an electric 
wave along a coil-loaded telephone cable, which was first given 
by Prof. I. Pupin in his important memoirs on this subject,” 
but which may be obtained more simply in the following 
manner :- 

Let us assume we have a two-wire cable having capacity C 
and leakance S due to the dielectric between the wires, both 
reckoned per unit length of the circuit. Let us suppose that 
loading coils, each having inductance L1 and resistance R,, are 
inserted a t  intervals d along the cable. Also le t  the cable 
itself have a conductor resistance r and inductance I per unit 

* See I. Pupin, “ Transactions of the American Institute of Electrical 
Engineers,” Vol. XVI., p. 93, 1599, and Vol. XVII., p. 445, 1900. Also see 
8. A. Fleming, “ Tho Propagation of Electric Currents in Telr~phoiie and 
Telegraph Conciuctors,” 211d edition, p. 110. 
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of length. Let us denote the currents through three successive 
loading coils by -in-l, in and in+l, and the P.D. between the 
wires by v1 a t  a point half-way between the (n-1)th and lzth 
coil, and by v2 half-way between the nth and (n+l) th  coil. 
Furthermore, let the currents and potentials be simple har- 
monic functions of the time and vary as the real part of P, 
where j=2/= and p=2n times the frequency. Hence 
dJdt=jp and d2/dt2=-p2. 

Consider, then, the section of the cable between the (n-1)th 
and nth loading coil. The average gradient of the current in 
that section of the cable is (im-l-im)/d,  and if this gradient 
line is nearly straight, the gradients must be equal to (S+jpC)v , .  

Also in the same manner for the next section we shall have 
(-i lL-i , ,+d/d equal to  (S+jpC)v2. 

Therefore, taking the difference we have 

(in-1 - i n )  - (-in--i,c+* ) d--- -- = (S+ jpC)(v, - v2). (7) 

But if the impedance of each coil is large compared with that 
of the line between the coils, we can say that, 

If, however, we include tk;e resistance r and inductance Z of 
the cable itself apart from those of the loading coil we must 
write this last equation in the form 

In actual practice the inductance of the length d of the cable 
between the loading coils is negligible compared with that of 
the loading coil, and the resistance of the loading coil is small 
compared with that of the length of cable between the loading 
coils. Hence, it is sufficient to  write the above equation in the 
form 

where R and L are the average resistance and inductance of 
Hence, from 

( 7 )  and (10) we have 

~ , - ~ ~ = i , ( R + j p L ) d ,  . . . . . (10) 
. the loaded cable per unit of length of the circuit. 

i,,-i-2-im+-i1,+l=i,(S+~pC) (RfjpL)d'. . . (11) 

If the current is a simple periodic current then in may be 
taken as proportional to cos (pt-p),  where p=2n/r, end 
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q=2n/31 and x=izd. 
stitution , 

The equation (11) then becomes, by sub- 

COS (pt-q(z-d))-2 COS ( ~ ~ - ~ z ) + c o s  (pt-q(z+d)) 
=COS (p t  - p) {RS --p2LC+ jp (  CR+LS) Id2. . (12 ) 

But since -p2===(ip)2 equation (12) can be written 

Solving this quadratic we have 

Hence the frequency of the oscillations is given by 

Hence the velocity W=fA with which the wave travels is 

If, then, the primary constants R, L, S and C are so related 
that R/L=S/C, that is, if the cable is sufficiently loaded to be 
.distortionless, we have 

. . . . . . . (17) 

Accordingly the cable will not transmit a wave if the fre- 
quency f is increased to a point a t  which f is greater than 
l/ndl/m, that is, if the periodic time T is less than n d r C d .  
If the wave-length is made less than the coil or load interval 
d, then, as shown by Mr. Godfrey (h. cit.), there are curious 
discontinuities as the wave-length is progressively decreased. 
We are presented with a phenomenon analogous to the forma- 
tion of absorption lines in spectra, in which a medium is trans- 
parent or more or less opaque in accordance with the wave- 
length of the incident light. If, in the formula (15) above, we 
put S=O, it  becomes identical with the formula given by Pupin. 
If we put both R and S equal to zero, and if dl31 is small, then 
the wave velocity becomes l/dm, and is the same as if the 
added inductance is uniformly distributed along the cable. 

w---- 1 sin ndjA _-_ - 
1/LC ndpb 
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ABSTRACT. 
Prof. Fleming exhibited an apparatus for the production of vibrations 

on strings loaded or unloaded. This method is an improvement on i b t  
of Melde, in which transverse vibrations are created on a string 
attached to the prong of a tuning fork. 

Melde's method has the disadvantage that it is not possible to  put 
great tension on the string without stopping the fork, or to use very 
heavy or loaded strings without using forks of great size. Moreover, 
the frequency cannot be varied except by changing the fork. 

In  the Author's method the vibrations are p r o d u d  on a stxing 
by attaching one end to the shaft of a small continuous-current motor 
of about & H.P. The motor has on one end of its shaft a mechanism 
for counting revolutions, and on the other end a disc which has a 
orank pin inserted in its outer face, and to this pin is attached a light 
crankshaft connected at  its outer extremity with a rccking lever. 
The &ring is fastened to a hook on the crankshaft near to the crank 

The other end of the string is attached to a fixed point which can be 
moved by means of a screw, in some cases a spring balance being in- 
terposed to measure the tension. 

When the motor is started the string has a circular motion given to 
its end which is equivalent to two simple harmonic motions at right 
angles to each other. 

If the tension is rightly adjusted the string then vibrates in sec- 
tions, and the number of sections can be adjusted by altering the 
tension. The distance from node to node can then easily be measured 
and the frequency determined from the speed of the motor. In  this 
way the velocity of the wave is measured, and can be compared with 
the velocity determined by taking the square root of the quotient of 
the tension by the linear density of the string. 

A number of tables were exhibited showing the velocity of the 
wave motion on strings of various kinds confirming the known laws 
of string vibrations. 

This method is particularly useful in studying the properties of 
loaded strings. Strings made of flexible cotton cord can be loaded 
with glass or wooden beads and set in vibration. In  this manner it 
can be shown experimentally that when the wave length on the 
string extends over a distance of more than 8 or 10 loads, the string 
vibrates as if the loading matter were uniformly distributed, but the 
string cannot propagate vibrations when the half wave length ap- 
proaches equality to the distance between two loads. 

It is also possible to show by this apparatus very prettily the 
reflection of a wave at  a load placed a t  any point on the string, and 
also that this reflection is reduced by tapering off the loading. 

We can thus imitate with this loaded vibrating string all the pheno- 
mena of inductive loading in telephone cables on the Pupin system. 

The theory of the vibrations of a loaded string has been studied by 
many mathematicians--for example, by Lagrange, Lord Rayleigh, 
Prof. P. G.  Tait, and a very interesting Paper was published on the 
subject by Mr. Charles Godfrey in the " Philosophical Magazine " for 
April, 1898. 

This method of causing a string to vibrate by a motor affords a simple 
method of demonstrating all the laws of vibrating strings to a class 

pin. 
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and also oan be employed to  show experimentally results of loading 
telephone aables in various ways, and the refleotions that occur when 
oables with different constants are connected in series. 

DISCUSSION. 
Dr. RVSSBLL complimented Prof. Fleming on his short and easy proof of 

Mr. CAMPBELL remarked that Prof. Tait, of Edinburgh, used to have a 
hand machine with which he could produoe eight or nine loops on a long 
vibrafbg string. But the .success of his demonstrations depended largely 
upon +he skill of the operator. 

Pupin’s law. 


